We study the oscillations of an axisymmetric, viscous, radiative, general relativistic hydrodynamical simulation of a geometrically thin disk around a non-rotating, 6.62 M black hole. The numerical setup is initialized with a Novikov-Thorne, gas-pressuredominated accretion disk, with an initial mass accretion rate of m = 0.01 L Edd /c 2 (where L Edd is the Eddington luminosity and c is the speed of light). Viscosity is treated with the α-prescription. The simulation was evolved for about 1000 Keplerian orbital periods at three Schwarzschild radii (ISCO radius). Power density spectra of the radial and vertical fluid velocity components, the total (gas + radiation) midplane pressure, and the vertical component of radiative flux from the photosphere, all reveal strong power at the local breathing oscillation frequency. The first, second and third harmonics of the breathing oscillation are also clearly seen in the data. We quantify the properties of these oscillations by extracting eigenfunctions of the radial and vertical velocity components and total pressure. This confirms that these oscillations are associated with breathing motion.
INTRODUCTION
Accretion disks of various geometries (thin, slim and thick) have been proposed over the past few decades (Pringle & Rees 1972; Shakura & Sunyaev 1973; Abramowicz et al. 1988 Abramowicz et al. , 1978 , and they are widely used to model a wide range of astrophysical systems. Particularly in the context of X-ray variability, salient properties of X-ray binaries, such as their outbursts and the spectra of the bright state, have been successfully modeled with accretion disks. Accreting relativistic sources (supermassive black holes as well as stellar mass black holes, and neutron stars) often show X-ray variability, including robust quasi-periodicities. In particular, numerous observations of quasi-periodic oscillations (QPOs) in the Xray flux of X-ray binaries harboring neutron stars or black holes have been reported (reviewed in van der Klis 2000; Remillard & McClintock 2006) . It is hoped that studying and modeling such characteristic variability will advance our understanding of accretion disks, much as studies of stellar pulsations inform the theory of stellar structure, and helioseismology provides a direct probe of the solar interior. Of particular interest are high frequency QPOs, which have a E-mail: bhupendra.mishra@jila.colorado.edu frequency range of 40 − 450Hz in black hole sources (Morgan et al. 1997; Remillard et al. 1999 Remillard et al. , 2002 Belloni et al. 2001; Miller et al. 2001; Strohmayer 2001; Altamirano & Belloni 2012; Belloni et al. 2012) . As described below, while many analytic models of such QPOs have been proposed, it is challenging to find their counterparts in numerical simulations of accretion disks.
Many models, not necessarily related to oscillations of thin disks, have been invoked to explain the observed highest frequency X-ray variability (the "twin-peak" kHz QPOs of neutron star low mass X-ray binaries and their hectoHertz counterparts in the black hole X-ray binaries)-e.g., the so called relativistic precession model (Stella & Vietri 1998 , 1999 , or the resonance model )-as well as lower frequency variability such as the C-type QPOs of black hole X-ray binaries (e.g. the precessing torus of Ingram et al. 2009 ). Among those models, eigenmodes of accretion tori and geometrically thick disks have been studied extensively, both numerically and analytically Zanotti et al. 2003; Bursa et al. 2004; Zanotti et al. 2005; Blaes et al. 2006; Fragile et al. 2016; Mazur et al. 2016; Mishra et al. 2017 ). Here, we will be focusing on thin accretion disks, for which there exists a well developed analytic theory of normal modes (reviewed in Wagoner 1999; Kato 2001) , but the numerical simulations of which are especially challenging. Observationally, X-ray variability has not been seen when accretion is in the high soft or disk state. However, our numerical simulation suggests that there are intrinsic disk oscillations which do not appear in the computed spectra. This could be possible due to two reasons: first, the optical thickness of such disks may prevent the variability from reaching the disk photosphere; and second, these oscillations are local rather than global.
There are only a handful of global numerical simulations of thin accretion disks in the context of black holes (O'Neill et al. 2009; Mishra et al. 2016; Sadowski 2016; Morales Teixeira et al. 2017; Hogg & Reynolds 2018 ). The results described below are based on our radiative, viscous, relativistic hydrodynamic simulations of geometrically thin black hole accretion disks . In this paper we unambiguously identify the presence in the simulations of a particular type of local, thin-disk oscillations, corresponding to the well studied breathing modes of accretion tori (Blaes et al. 2006) and spherical (or planeparallel) atmospheres (Bollimpalli & Kluźniak 2017) .
It has been found that the breathing mode of oscillations gets easily excited in hydrodynamical numerical simulations of geometrically thick disks (tori) (Mishra et al. 2017 ). In Mishra et al. (2017) , we performed a set of inviscid hydrodynamical thick disk simulations to study the high frequency QPOs. The equilibrium torus was perturbed, and the resulting motions were followed in the numerical run. All of the simulations in that set showed the breathing mode together with oscillations of various other modes (radial, vertical, plus, and X-modes discussed in Blaes et al. 2006) . In those thick disk simulations, we found the breathing mode to be excited irrespective of initial velocity perturbations (radial, vertical or combination of two).
In thin disks, there is no global breathing mode, but locally the disk may execute analogous motions in which the thickness of the disk, as well as its pressure, undergo harmonic variations. However, such breathing oscillations were not seen in the geometrically thin disk simulations of O'Neill et al. (2009) and . Unlike those authors, we include radiation (and approximate radiative transfer) in our simulations, and for the first time we report the presence of breathing oscillations in global thin disk simulations. The frequency is in agreement with the predicted frequency for local breathing oscillations in the plane-parallel approximation Silbergleit et al. (2001); Bollimpalli & Kluźniak (2017) . Thus, a fundamental theoretical prediction is confirmed by us in a fully non-linear, numerical simulation, which includes general relativity and radiation. This paper is organized as follows, in Section 2 the numerical setup is described. In Section 3, we report the preliminary findings of this simulation. Section 4 describes diagnostics, power density spectra and eigenfunctions. Section 5 discusses the reported results. We conclude our study in Section 6. The metric signature in the paper is − + ++. The numerical computations are carried out in Kerr-Schild coordinates with black hole mass M = 6.62 M . The simulations are performed using the general relativistic radiative (magneto) hydrodynamical code Cosmos++ (Anninos et al. 2005; Fragile et al. 2012 Fragile et al. , 2014 .
NUMERICAL SETUP
The initial setup (left panel Figure 1) for the reported simulation is based on the standard thin disk model of Novikov & Thorne (1973) , a relativistic generalization of the ShakuraSunyaev alpha disk where accretion is driven by an assumed turbulent viscosity, with the effective viscous stress taken to be proportional to the pressure, the constant of proportionality being the α-parameter (Shakura & Sunyaev 1973) . It is important to realize that, unlike, e.g., the 3-D analytic Kluź-niak & Kita (2000) solution of an alpha disk, the NovikovThorne disk is a solution to height-integrated equations, so it satisfies the 3-dimensional equations only approximately. The radiative transfer is also handled differently in the disk model and in our simulations. Hence we do not expect a disk initialized with this solution to be in perfect equilibrium at the beginning of the simulation.
We initialize the disk as a gas pressure dominated setup, with the dominant opacity due to electron scattering. The motivation behind choosing a gas pressure dominated disk is to avoid the thermal and viscous instabilities present in radiation pressure dominated thin disks (Lightman & Eardley 1974; Shakura & Sunyaev 1976; Piran 1978; Hirose et al. 2009; Jiang et al. 2013; Mishra et al. 2016; Fragile et al. 2018) . To get the initial vertical profile of the disk, we assume a vertically isothermal disk. The initial radial profiles are set for a constant initial mass accretion rate, M = 0.01 L Edd /c 2 , where L Edd is the Eddington luminosity.
The density and pressure profile at t = 0 is then given by
where ρ NT (R) and H(R) are the radial profiles of midplane density and disk height, respectively, adopted from the Novikov & Thorne (1973) disk model, p tot = p gas + p rad is the total pressure, and R is the cylindrical radius.
The inner boundary of the simulation domain lies at r min = 5 GM/c 2 and the outer boundary is at r max = 20 GM/c 2 . Note that we do not put the inner boundary at the Schwarzschild radius to save the computational time that would be required by the very small time-steps in the vicinity of event horizon (r = 2GM/c 2 ). The other motivation to have inner edge at r = 5 GM/c 2 , is that we are interested in the physics of accretion at or outside the innermost stable circular orbit (ISCO) to study disk oscillations. We use a logarithmic grid in the radial direction, x 1 = 1 + ln(r/r BH ), with n r = 256 shells, and a non-uniform polar grid along θ with n θ = 192 shells. The polar grid concentrates the highest resolution close to the disk mid-plane using the transformation
where q = 0.1 and x 2 is a uniform polar coordinate. The polar domain spans the equatorial plane region with θ min − θ max = 0.289 rad, where θ max and θ min are polar boundaries of the domain, above and below the disk, respectively. The boundary conditions are set to outflow condition along the inner radial and polar boundaries. The outer radial boundary assumes a constant boundary condition in which matter is constantly supplied to feed the disk with a mass accretion rate of M = 0.01 L Edd /c 2 . The viscosity parameter α = 0.02 is chosen to correspond to the effective stress in our previous global radiative GRMHD simulations . These values of mass accretion rate, M, and viscosity parameter, α, give a disk in stable equilibrium with surface mass density Σ ≈ 3 × 10 4 g cm −3 and disk midplane temperature T c ≈ 10 7 K. Thus the initial profile of our numerical setup coincides with a local point on the stable gas-pressure-dominated branch of the T − Σ thermalequilibrium curve. The radiation transfer is treated using the M1 closure scheme (Mihalas & Mihalas 1984; Sadowski et al. 2013 ). We consider a constant opacity due to electron scattering ( χ s = 0.34 cm 2 g −1 ) together with a Kramer-style free-free absorption opacity. We also include thermal Comptonisation for interactions between electrons and photons. Further details of the simulation setup, viscosity prescription and GRRHD code used for this work are provided in Fragile et al. (2018) , where this simulation appears as S01E.
PRELIMINARY ANALYSIS

Characteristic frequencies
The vertical and radial epicyclic (angular) frequencies in the Schwarzschild metric are given by (e.g., Kato 2016)
where Ω(R) = GM/R 3 is the Keplerian orbital frequency. The epicyclic frequencies change with radial position in the disk, so oscillations at these, and related, frequencies do not correspond to global eigenmodes of the disk. Nevertheless, a useful guide to the expected local vertical motions can be obtained by considering the plane-parallel approximation, in which the radial variation of the frequencies is neglected.
In the plane-parallel approximation of vertically polytropic disks, the velocity eigenfunctions (vertical component of the velocity as a function of z, the height above/below the midplane) of vertical oscillations are given by Gegenbauer polynomials, and the eigenfrequencies are given by For clarity, only an oscillation at a particular radius is shown. In our simulations the disk seems to execute such oscillations at all radii, each at its own frequency.
the formula (Silbergleit et al. 2001; Kato 2016; Bollimpalli & Kluźniak 2017) 
with the polytropic index γ = (n + 1)/n, and m = 1, 2, 3, ... the mode number. The breathing mode is the oscillation with a single node, in which the vertical component of the velocity is linearly proportional to z. Note that the frequencies are not in a harmonic progression. Hence, any harmonics of the fundamental (breathing oscillation) seen in our PDS cannot correspond to higher order vertical oscillations, but must reflect nonlinearities in the oscillatory motion. A thin accretion disk around a black hole does not satisfy the plane-parallel approximation, so the oscillation is no longer a mode, as already remarked. However, we will be considering its local counterpart. The frequency of the breathing oscillation is given by (Bollimpalli & Kluźniak 2017 )
For vertical oscillations of our gas-pressure dominated disk, the polytropic index will be taken to be γ = 5/3. As for this value of the polytropic index √ 1 + γ ≈ 1.633 is very close in value to 5/3 ≈ 1.667, it is important to exclude the possibility of a 5:3 resonance, entertained in the context of black hole QPOs (e.g., Kluźniak & Abramowicz 2002) . We are confident that the PDS of our simulations have sufficient resolution to distinguish between 1.663 and 1.667, particularly for the simple harmonics of the fundamental (as seen in the top panels of Figure 4 ). However, we also provide eigenfunctions of the fluid variables to conclusively identify the reported frequencies with the breathing oscillation.
Comparison with theoretical work
Our model evolves for t = 84000 GM/c 3 , which is much smaller than viscous time scale (t visc = r 2 /(αc s H) ≈ 10 9 GM/c 3 for α = 0.02 and r = 10). This suggests that we have not achieved a steady state solution even over the inner one decade in radii. However, even over this shorter timescale, the disk relaxes from its initial Novikov-Thorne profile to a somewhat different state as shown in Figure 1 . Thus, even though we do not intentionally introduce a perturbation to the disk structure, the adjustment of the disk to its steady state results in an initial oscillatory disturbance which includes a component with the velocity field shown schematically in Figure 2 . In Figure 3 we show that this motion temporarily induces peaks in the local power density spectra (PDS) of the midplane radial velocity (left panel) and the total midplane pressure (right panel). In addition to the expected local radial epicyclic frequency, a prominent peak at a higher frequency is seen in the PDS. At first glance it appear this may be at 5/3 the local vertical epicyclic frequency (lower panel PDS of midplane vertical velocity), which would be at 6.38 × 10 −3 c 3 /(GM). However, as we will show, a closer examination reveals that this is actually an imprint of the breathing oscillation. A hint of this is already provided in the right panel of Figure 3 , showing the PDS of total pressure.
Except for very extended structures, the simplest oscillatory motions of orbiting fluid are incompressible in character and occur at the vertical (perpendicular to the orbital plane) and radial epicyclic frequencies (Kluźniak 2005) . Indeed, as expected for incompressible motion, in spite of the prominent peak at the radial epicyclic frequency, at 2.7 × 10 −3 c 3 /(GM), in the PDS of radial velocity (left panel of Figure 3 ), there is no corresponding peak in the PDS of the pressure (right panel of Figure 3 ). However, the power maximum at the higher frequency of ∼ 6 × 10 −3 c 3 /(GM) at early times (0-20k) is clearly visible in both the radial velocity and the total midplane pressure PDS, indicating that the motions at this higher frequency are associated with significant compression of the oscillating fluid. Also, quantitatively, the location of the power maximum in these PDS of velocity and pressure at an illustrative location (though this is true at all R > 6) in the disk, R = 12 GM/c 2 ≡ R 0 , precisely coincides with the frequency of the breathing oscillation at the same radius 1 + 5/3 ν ⊥ (R 0 ) = 6.25 × 10 −3 c 3 /GM, c.f. Eqs. (4) and (7). In lower panel of Figure 3 , we show local PDS for midplane vertical velocity at R = 12 GM/c 2 . Since, we mainly focus on first t = 20000 GM/c 3 , the PDS is computed only for this time window. There are three prominent peaks in this PDS. The dashed and solid vertical lines correspond to local radial and vertical epicyclic frequencies. The third peak correspond to third harmonic of radial epicyclic frequency.
BREATHING OSCILLATIONS
For the remainder of the paper, we report the disk oscillations using data for the first 20000 GM/c 3 ≈ 216 t ISCO of the simulation, and all time averages are over this same interval. We preface our discussion of the character of the inferred oscillations with a discussion of the diagnostics we use to probe them. These will allow us to construct and interpret power density spectra of the relevant quantities, and to extract their flow pattern. All midplane quantities (radial and vertical components of the three velocity and total pressure) are computed by averaging over the two cells straddling the equatorial plane at each radius.
Diagnostics
In the breathing oscillation, the vertical expansion of the disk is symmetric on both sides of its midplane (Figure 2 ). For this reason we will examine the PDS of the vertical component of the velocity averaged over one half of the domain, from θ max to π/2. The vertical velocity in the upper half of the disk is computed as a density weighted, vertical cell average in the following way.
where ρ is mass density in the coordinate fixed frame and g is metric determinant. The cooling rate is computed at the photosphere of the disk by measuring net vertical component of radiation flux,
where
The E R and u R correspond to the radiation energy density in the radiation rest frame and the four velocity of radiation rest-frame, respectively. Subscripts "photo + /−" correspond to the photosphere above and below the equator, respectively. We define the photosphere as the surface with optical depth unity (τ = 1). In order to compute the optical depth, we integrate the total opacity ( χρ for χ = χ s + χ a , where χ s and χ a are opacity coefficients due to electron scattering and absorption) from θ min or θ max to the point when it reaches unity, as
or
The eigenfunctions are computed from the time integral of the chosen fluid field times the appropriate trigonometric function, at a specific frequency (ν R b ): 
where f could be the radial or vertical component of the fluid velocity or the total midplane pressure. We search for power in both the real and imaginary components using the cosine and sine, respectively. In Section 5, we report the eigenfunctions for frequency ν R b = 9 × 10 −3 c 3 /GM, corresponding by Eq. 7 to the breathing oscillation frequency at R = 9.49 GM/c 2 .
Power density spectra
The power density spectra in Figure 4 were computed by performing fast-Fourier transforms (FFT) of the time-series of midplane variables (radial velocity and total pressure), vertical velocity in the upper half of the simulation domain, and cooling rate. The PDS of the midplane radial component of fluid three velocity (upper left panel, Figure 4) shows two high power and three moderate power bands. The power concentrated along the solid blue curve demonstrates radial oscillations at the radial epicyclic frequency. The second high power band follows the dashed curve corresponding to the breathing mode frequency of Eq. (7) for a polytropic index γ = 5/3, i.e. ν b = 8/3 ν ⊥ .
The vertical velocity PDS shows the first direct evidence for breathing oscillations, apart from the frequency. In order to understand the properties of these breathing oscillations more thoroughly, we show PDS of the vertical component of fluid velocity in the upper half of the disk (upper right panel, Figure 4 ). We see a band with high power following the breathing oscillation frequency, which is absent in the vertical velocity PDS of the complete vertical domain (not shown). This confirms the presence of a reflection symmetric, volume changing (compression/rarefaction) vertical motion. The periodic changes in the specific volume lead to variations in pressure at the same frequency, as shown in the lower left panel of Figure 4 for the total midplane pressure. The first harmonic of the breathing oscillation can also be seen in this PDS. This gives threefold evidence for the presence of breathing oscillations: vertical motion symmetric with respect to reflection in the midplane of the disk, and direct evidence of pressure variations, both at the frequency given by Eq. (7). Interestingly, no power appears at the radial epicyclic frequency in PDS of the total mid- Figure 4 . Radial profiles of the PDS of the midplane radial fluid three velocity (upper left); shell averaged vertical velocity above the midplane (upper right); total midplane pressure (lower left); and radiative cooling rate computed at the photosphere (lower right). The solid blue curves correspond to the radial epicyclic frequency, κ/(2π), dotted-dashed curves correspond to the vertical epicyclic frequency, ν ⊥ , Eq. (4), and the dashed curves correspond to the breathing oscillation frequency and its higher harmonics. The stripes of power curving up to the right are aliases of the high-frequency (low-radius) extension of the curves of enhanced power. plane pressure. Again, this illustrates the compressible and incompressible natures of the breathing and radial epicyclic oscillations, respectively.
The higher frequency power bands seen in the global PDS of the midplane radial velocity and the total midplane pressure (Figure 4 ) and the higher frequency peaks in the local PDS (Figure 3 ) are harmonics (2ν b , 3ν b and 4ν b ) of the breathing oscillation frequency, implying nonlinearity of the oscillation as, clearly, the power is not limited to one harmonic component.
The simulation includes radiative transfer selfconsistently (hydrodynamics coupled with radiation); hence we can also look for modulations of the emitted flux from the disk. We compute the vertical radiative flux at the photosphere of the disk to estimate the cooling rate. The lower right panel in Figure 4 , shows the PDS of the cooling rate. We do notice some power enhancement along the curve following the breathing oscillation frequency but not much in its harmonics (the first harmonic, most clearly seen in its alias at R < 10, is barely visible). This could be due to the harmonics of the breathing oscillations being too weak to be seen in the variability of the radiative flux at the photosphere, perhaps because they are mainly concentrated close to the midplane of the disk. However, the radiative coupling of the oscillations will require a more careful investigation.
Eigenfunctions
The breathing oscillations can be further investigated by studying their eigenfunctions, which quantify the flow patterns of the oscillations. In Figure 5 , we present the eigenfunctions of the radial velocity, vertical velocity and total midplane pressure for ν R b ≈ 9×10 −3 c 3 /GM ≡ ν, where the superscript R reminds us that we are considering a specific radius, in this case R = 9.49 GM/c 2 . In general, one can choose any frequency up to the maximum at ISCO. Since these oscillations are present at all radii, a different frequency will simply pick the flow pattern eigenfunction at a correspondingly different radius. The eigenfunctions are normalized by N = νT, where T = 20000 GM/c 3 is the time window over which the integral was performed.
The top panel in Figure 5 exhibits the meridional pattern of radial motion (at frequency ν ≈ 9 × 10 −3 c 3 /GM), Figure 5 . Eigenfunctions of the radial velocity (top), vertical velocity (middle) and total pressure (bottom). The frequency ν ≈ 9 × 10 −3 c 3 /G M is used for all three panels. The vertical dotted line shows the location of the radial node of breathing oscillations at this frequency. The horizontal dashed line shows the disk midplane. The plots are normalized by the number of oscillation cycles N = νT . and shows a sequence of fairly narrow blue, white and red vertical stripes (the colors corresponding to negative, zero, and positive values, respectively). The thin white, vertical stripe, highlighted by the black dotted vertical line shows the (radial) node of the breathing oscillation, which indeed is located at the expected radius of R ≈ 9.49 GM/c 2 . The vertical axis approximately spans the disk height. The radial component of velocity flips spatial phase above z ≈ 0.015 GM/c 2 . This could be a boundary effect; note that the oscillatory pressure variations seen in the total pressure eigenfunction plot (bottom panel) do not extend this high in the disk.
The middle panel shows the eigenfunction of the vertical velocity component. The black dotted vertical line at R = 9.49 GM/c 2 indicates a region of strong breathing motion. The flow is moving away from the disk midplane (at this phase of the oscillation), with the vertical velocity increasing away from the midplane. This is a clear hallmark of the breathing oscillation and leads to the pressure decrease seen in the bottom panel. The rarefaction is enhanced by radial motion, with radial outflow from the region of the vertical oscillation occurring in phase with the vertical onenote the line of nodes in the radial velocity (top panel, at R = 9.49 GM/c 2 ) is coincident with the radial location of maximum vertical velocity. It would appear that the inner disk responds in turn to this drop in pressure with a counterflow. This is clearly shown in all panels of Figure 5 , with another sharp line of nodes in the radial motion, at R = 9.1 GM/c 2 , corresponding to a maximum of compression, as seen in the pressure plot in the lower panel, and coincident with another maximum in the perturbation of the vertical component of velocity, in opposite phase to the one at R = 9.49 GM/c 2 . Thus, to the left of the white vertical line in the middle panel we see vertical breathing motion of the same frequency, but opposite phase (compressive motion) relative to the oscillation at R = 9.49 GM/c 2 . No such counterflow is visible at larger radii, where the perturbation in V r tapers off gently.
An inspection of the PDS in Figure 4 reveals that in addition to the breathing mode at R = 9.49 GM/c 2 , the frequency ν ≈ 9 × 10 −3 c 3 /GM also corresponds to the first harmonic of the breathing oscillation at R ≈ 14.9 GM/c 2 . This harmonic is clearly seen in the eigenfunctions in Figure 5 at R ≈ 14.9 GM/c 2 . This feature is a carbon copy of the breathing oscillation eigenfunctions at R = 9.49 GM/c 2 , except for a (random) phase difference leading to a reversal of the sign (blue is mapped into red and vice versa in the color coding of the figure) .
Since the breathing oscillations are compressible, they are also seen in PDS of the total midplane pressure. In the bottom panel of Figure 5 , the eigenfunction of the total pressure shows radial structure compatible with the velocity field depicted in the top and middle panels. Strong vertical oscillations seen in the middle panel cause a decrease in pressure in the region in which flow is moving away from the midplane of the disk at R ≈ 9.49 GM/c 2 , whereas the strong (positive) power to the left of the white vertical stripe is caused by compression (vertical flow towards the midplane at R ≈ 9.1 GM/c 2 , as seen in the middle panel).
Note that the radial and vertical velocity eigenfunctions are depicted using the cosine component, whereas the total pressure eigenfunction uses the sine component. This shows the expected phase lag of π/2 of the vertical component of fluid velocity behind the total pressure. Indeed, we obtain in the complex-number representation of polytropic vertical oscillations that the pressure perturbation leads the vertical velocity by a factor of the imaginary unit i = √ −1 , corresponding to a π/2 phase difference. Using the equation of continuity close to the disk midplane,
where ì V is fluid velocity three-vector, and substituting perturbations in density and the vertical component of the fluid three-velocity of the form δρ exp(iωt) and V z exp(iωt), with frequency ν = ω/(2π), one finds
and hence, with P 0 = K ρ γ 0 the equilibrium value of pressure and the perturbations in pressure consequently satisfying δP/P 0 = γδρ/ρ 0 , we obtain the phase lag from
For clarity, we have omitted in this derivation the radial velocity contribution to the divergence, which in our simulation is in phase with the one for the vertical component.
DISCUSSION
We have found an example of a geometrically thin disk, initialized on the stable branch of thermal equilibrium curve, that exhibits breathing oscillations. While we do not intentionally perturb our initial setup, there is an unavoidable initial adjustment of the disk to its true equilibrium state, during which we see the breathing oscillations arise. We find that the amplitude of the oscillations diminishes after t > 3000 GM/c 3 , suggesting that any QPOs associated with breathing oscillations may only be seen around the times of X-ray spectral state transitions (or other significant perturbations to the disk). It is thought that in the low, hard spectral state the disk structure changes at a certain radius (transition radius) from a cold, thin disk to a hotter, thicker flow. This radius, a few times the ISCO one, is associated with particular frequencies, e.g., the orbital, radial and vertical (same as orbital frequency for a non-rotating black hole) epicyclic frequencies at that radius. If, during the spectral state transition, the inner part of the thin disk is perturbed more strongly near the transition radius than at larger radii, then this could lead to breathing oscillations reaching observable amplitudes near a specific frequency. The inferred frequency of such breathing oscillations in our simulation is in agreement with theory (Silbergleit et al. 2001; Kato 2016; Bollimpalli & Kluźniak 2017) . In the following sections, we shall report two astrophysically relevant aspects of our work.
Implications for Variable X-ray Binaries
Observational studies of GRS 1915+105 have shown that it makes frequent transitions from a high, soft (disk) state to a corona-dominated (hard or no-disk) state and vice-versa (Belloni et al. 2000) . Such a transition in an accreting system could lead to a triggering of the breathing and vertical oscillations. Also, GRS 1915+105 is a highly variable accreting black hole binary system, exhibiting a pair of oscillation frequencies with an approximate ratio of 5:3. We stated earlier that the ratio of the breathing oscillation frequency to the vertical epicyclic frequency is 1.63 (Eq. 7), which is close to 5:3 (e.g. Kluźniak & Abramowicz 2002) . In order to connect our study with observations, we suggest a link between the breathing and vertical oscillations seen in our simulation and the QPOs in GRS 1915+105. However, in order for this to be the case, the breathing and vertical oscillations inferred in our numerical model need to appreciably modulate the emitted X-rays near a particular radius. Looking at lower right panel of Fig. 4 , we do see modulation (at all breathing oscillation frequencies) in the emitted radiative flux from the disk photosphere. The vertical oscillations, being incompressible, do not directly imprint their modulation on the PDS of radiative flux. However, geometric effects not taken into account in this analysis might provide a way for the vertical epicyclic frequency to also modulate the light curve (Bursa et al. 2004; Mishra et al. 2017 ). Under such favorable conditions, one might expect to observe high frequency QPOs not dissimilar to the simultaneous 69.2 Hz and 41.5 Hz pair reported in GRS 1915+105.
Supra-orbital Frequencies
It has long been thought that the highest frequency of X-ray variability corresponds to the orbital frequency at the ISCO, whether in the form of flickering, such as observed in Cyg X-1 (Meekins et al. 1984) , or kHz QPOs, with implications for the mass of the source inferred from the observed frequencies (Kluźniak et al. 1990; Kluźniak 1998) . While this may be true for a thin accretion disk in its quiet, thermal (high, soft) state, our results clearly show that a perturbed disk may exhibit higher frequencies. As a first step towards converting the internal motions of the disk displayed in the PDS of Figure 4 to an observable quantity, we plot the PDS of the lightcurve in the beginning interval, 0 − 20 000 GM/c 3 , of the simulation. At high frequencies, red noise is seen which is steeper than the ν −2 noise reported for sandpiles (Jensen et al. 1989 ). The red noise (i.e., variability) clearly extends past the maximum (ISCO) orbital frequency in the disk, ν ISCO ≈ 10.82 × 10 −3 c 3 /(GM) (dashed, vertical green line in Figure 6 ).
CONCLUSIONS
We further investigated the stable gas-pressure-dominated, geometrically thin disk simulation reported in Fragile et al. (2018) to understand the time variability in it. These simulations could have astrophysical interest in the context of high frequency QPOs in black hole, low-mass X-ray binaries. Our simulation shows local oscillations at the breathing frequency predicted theoretically (Silbergleit et al. 2001; Bollimpalli & Kluźniak 2017) . A qualitative, as well as quantitative, analysis of the simulation confirms the identity of the oscillation. The summary of results in this work is as follows:
1. Breathing oscillations were identified for the first time in global numerical simulations of an accretion disk. Previously they had only been seen in a shearing box simulation (Blaes et al. 2011) , which by the nature of its periodic boundary conditions cannot yield information on the radial dependence of fluid variables.
2. The power density spectra of the radial component of the fluid velocity and the total midplane pressure show large power at all radii at a specific frequency equal to the local breathing oscillation at each radius. In addition we see the first three harmonics of this oscillation.
3. The PDS for the vertical velocity component above the midplane of the disk shows the same high-power band as in the radial velocity and total midplane pressure PDS. However, the PDS for the vertical velocity component averaged over the entire polar range of the simulation domain does not show show excess power at the breathing oscillation frequency. This confirms that the disk is exhibiting breathing motion (expanding away from and contracting toward the midplane).
4. The PDS of the cooling rate of the disk also shows variability at the breathing oscillation frequency. This suggests that these oscillations are sufficiently strong to modulate the emitted radiation flux from geometrically thin disks.
5. For the first time, we showed the radial velocity eigenfunction for the breathing oscillation. This eigenfunction was not available previously, as the analytic calculations had been carried out in the plane parallel approximation (i.e. neglecting motions parallel to the disk midplane).
6. Additionally, we showed the eigenfunctions of the vertical velocity component and the total pressure. The flow patterns in both show the expected pattern for breathing oscillations.
7. The breathing and vertical oscillations in the disk could explain the 69.2 Hz and 41.5 Hz QPOs seen in X-ray observations of GRS 1915+105.
